EQUIVARIANT iT-THEORY OF GENERALIZED STEINBERG 

VARIETIES 



J. MATTHEW DOUGLASS AND GERHARD ROHRLE 

Abstract. We describe the equivariant -fC-groups of a family of generalized Stein- 
berg varieties that interpolates between the Steinberg variety of a reductive, complex 
algebraic group and its nilpotent cone in terms of the extended afhne Hecke algebra 
and double cosets in the extended afhne Weyl group. As an application, we use 
this description to define Kazhdan-Lusztig "bar" involutions and Kazhdan-Lusztig 
bases for these equivariant if -groups. 



1. Introduction 

Suppose G(¥g) is a Chevalley group defined over the finite field F^. A fundamental 
result in the classification of irreducible complex representations of G(¥g) is the clas- 
sification of representations that contain a vector fixed by a Borel subgroup B{¥q) of 
G{¥q). These representations are completely determined, and their characters may 
be computed, using the centralizer ring or Hecke algebra 'H{G{¥q), B(¥q)). Iwahori 
[9] conjectured that T-L{G(¥q), B(¥q)) is isomorphic to the group algebra of the Weyl 
group W of G(¥q). An exphcit isomorphism between T-L{G(¥q), B(¥q)) and the group 
algebra of W was constructed by Lusztig [13]. More generally, irreducible repre- 
sentations that contain a vector fixed by a parabolic subgroup P/(Fg) of G{¥q) are 
determined by the Hecke algebra 'H{G{¥q), Pj{¥q)). Curtis, Iwahori, and Kilmoyer [4] 
showed that 'H{G(¥q), Pj(¥q)) is isomorphic to the Hecke algebra 7{(PF, Wj), where Wj 
is the corresponding parabolic subgroup of W, and Curtis [3] extended Lusztig's con- 
struction to obtain an exphcit isomorphism between 'H{G(¥q), Pi(¥q)) and 'H(W, Wj). 

Now suppose G{Qp) is a Chevalley group defined over Qp. In this case, one impor- 
tant class of representations consists of those representations that contain a vector 
fixed by an Iwahori subgroup of G{Qp). These representations are again classified by 
a Hecke algebra, this time the extended affine Hecke algebra Ti of the complex dual 
group, G. Kazhdan and Lusztig [12] construct an isomorphism between "H and the 
equivariant i^-theory of the Steinberg variety Z of G. They then use this isomor- 
phism to give a construction of the irreducible representations oi %. In this paper 
we extend their construction and explicitly describe the equivariant i^-groups of the 
generalized Steinberg varieties X^'^ from [6] in terms of the Hecke algebra l-L. When 
I = J, the subspace of Ti we consider is, up to an involution, the extension to T-L of 
the subalgebra n{G{¥q), Pi{¥g)) of n{G{¥q), B{¥q)). 
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In another direction, it follows from [7, Theorem 5.1.3] and [8, Theorem 2.5] that 
the rational Borel-Moore homology of X^"^ may be computed algebraically as the 
space of Wj x VTj-invariants in the smash (semidirect) product of the coinvariant 
algebra of W with the group algebra of W. The results in this paper may be viewed 
as the extension of this computation to the more refined level of equivariant i^'-theory 
and the affine Hecke algebra. 

From now on, suppose that G is a connected, reductive complex algebraic group 
such that the derived group of G is simply connected. Set q = Lie(G). For g E G 
and X G write gx instead of Ad(5')(x), where Ad is the adjoint representation of G. 
Define 9^ to be the cone of nilpotent elements in g and let Bhe a. fixed Borel subgroup 
of G with Lie algebra b. Then, the Steinberg variety of G is the variety Z of all triples 
(x, gB, hB) in 9^ X G/ B x G/B such that g~^x, h~^x G b. Based on a construction of 
Kazhdan and Lusztig [12], Chriss and Ginzburg [2] and Lusztig [15] have shown that 
there is an algebra structure on K^^^* (Z), the G x C*-equivariant i^'-group of Z, such 
that K^^'^* [Z) is isomorphic to the extended, affine Hecke algebra H associated to G. 
Ostrik [17] used this isomorphism to describe in terms of H and to define 

a Kazhdan-Lusztig "bar" involution, and a Kazhdan-Lusztig basis, of K^^'^ (91). As 
indicated above, in this paper we describe the equivariant i^'-groups of the gener- 
alized Steinberg varieties X^"^ in terms of %. These generalized Steinberg varieties 
interpolate between Z = X'^'^ and 91 = X^^ {S is the Coxeter generating set for W 
determined by B). We then use our description to define Kazhdan-Lusztig "bar" 
involutions and Kazhdan-Lusztig bases of the equivariant i^'-groups K'^^'^* [X^"^). 

The proof of the main theorem in this paper (Theorem 2.1) relies on Ostrik's com- 
putation of K'^^'^ (91). For a generalized Steinberg variety X^^ we use a filtration 
of K^^"^ i^^"^) indexed by G-orbits in the product of two partial fiag varieties. In 
the special case of 9T, there is a single G-orbit, the filtration of K'^^'^* (^) is trivial, 
and Ostrik has computed K^^"^ (9T) in terms of "H. In the general case, each associ- 
ated graded piece has the form ^'^ where L' is a Levi factor of a parabolic 
subgroup of G and 91' is the nilpotent cone in Lie(L'). Thus, each graded piece is 
described using Ostrik's theory. 

In §2 we give the basic constructions and state the main theorem (Theorem 2.1) 
relating the extended affine Hecke algebra and the equivariant /^-theory of general- 
ized Steinberg varieties. Assuming facts that are proved in subsequent sections, §3 
contains a proof of Theorem 2.1. The constructions of the "standard basis," the 
"bar" involution, and the Kazhdan-Lusztig basis are given in §4. In §5 we review the 
convolution construction in the form it is used in this paper. The final three sections 
contain proofs of the main ingredients used in the proof of Theorem 2.1. 

1.1. Notation and conventions 

With G and B as above, fix a maximal torus T contained in B. Let W = Ng{T) /T 
be the Weyl group of {G,T), let S be the set of simple reflections in W determined 
by the choice of B, and let X{T) be the character group of T. Then X{T) is a 
free abelian group and W acts on X{T) as group automorphisms. We use additive 
notation for X(T) and consider the root system $ of (G, T) as a subset of X(T). The 
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roots corresponding to the root subgroups in B determine a positive system and 
a base 11, of If s is in S, then s = Sa for a unique a in 11. 

Let if be a complex hnear algebraic group. We use the convention that a lowercase 
fraktur letter denotes the Lie algebra of the group denoted by the same uppercase 
roman letter, so for example, f) = Lie{H). Let R{H) denote the representation ring of 
H and let X{H) denote the character group of H. Define H to be the product of H 
with the one-dimensional complex torus C*, so H = H x C*. Let f : if — )■ C* be the 
character defined by v{h, z) = z for h E H and z G C* and let A = 7j[v,v~^] be the 
subring of R{H) generated by v. With this notation, there are natural isomorphisms 

R(H) = A ®2 R{H) = A[X{H)]. 

In particular, R{T) = A[X{T)] and R{G) ^ A^zR{G). When H acts on a quasipro- 
jective variety Y, let K^{Y) denote the Grothendieck group of the abelian category 
of ii-equivariant coherent sheaves on Y. The group K^{Y) is naturally an R{H)- 
module. Using the isomorphism R{H) = A[X{H)] we obtain a natural A[X{H)]- 
module structure on K^(Y). 

Suppose C is a closed subgroup of H. For a C-variety F , let H x'^ F denote the 
quotient of if x F by the C-action given by c ■ {h, y) = {hc~^, cy) for c e C, /i G H, 
and y E F. The image of {h,y) in H x^ F is denoted hj h*y. The group H acts 
on ii x*-^ i^ by left multiplication and the projection f : H x^ F ^ H/C given by 
h * y hC is a well-defined if-equivariant morphism. Conversely, suppose Y is 
an if- variety and /y: F — )■ H/C is an ii-equivariant morphism. Set F = /y^(C). 
Then the map m : H x'-^ F Y given hj h * y hy is a well-defined if-equivariant 
isomorphism such that / = /ym. Suppose C acts on F. Then H acts on both Hx^ F 
and H x^ F, and these varieties are canonically isomorphic if -varieties. It follows 
from work of Thomason [18, 6.2] that {H x'^ F) is naturally isomorphic to fC'" (F), 
and that if Cj- is a reductive subgroup of C such that C = C^^ x C^, where Cu is the 
unipotent radical of C, then K'^{F) is isomorphic to K'-^'{F) (see [2, §5.2]). Let 

resj.: K"{H x^ F) K^^{F) 

denote the composition of these two isomorphisms. 

Suppose Yi and Y2 are if -varieties with Yi C Y2. To simplify the notation, if Yi 
is closed in Y2, then we sometimes denote the direct image map {Yi) — )■ {Y2) 
simply by ()*, and if Yi is open in I2, then we sometimes denote the restriction map 
K^{Y2) K"{Yi) by 0*. 

Unless otherwise indicated, we consider g as a C*-module with the action of C* 
given hj z -x = z~'^x for z in C* and x in q. Then G acts on by {g, z) - x = z~'^g ■ x. 
For a subgroup P of G, G acts on G/P by {g, z) ■ hP = ghP. Define 

m= {{x,gB) emx G/B I g-^x G b }. 

As above, the Steinberg variety of G is 

Z = {{x, gB, hB)emx G/B x G/B \ g-^x, h'^x G b } ^ 01 Xoi 01. 
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Then G acts on and Z via the diagonal action, and the projections 

pz-Z^^, qz: Z ^ G/B X G/B, p-.m-^m, and q-.m^G/B 
are all G-equivariant. 



2. Statement of the main theorem 



2.1. Generalized Steinberg varieties 

For ICS", let Wj = {!) be the subgroup of W generated by / and let Pj be the 
parabohc subgroup of G that contains B such that Npj{T)/T = Wj. Let Uj denote 
the unipotent radical of Pi and let Lj be the Levi factor of Pj that contains T. Then 
Pj = LiUj and p/ = li + Uj are Levi decompositions of Pj and pi, respectively. Define 
III = {a & U \ Sa ^ I } and let $/ be the intersection of $ with the span of 11/. 
Then, with respect to the action of T, $/ is the set of roots of I/, U $/ is the set 
of roots of pi, and \ is the set of roots of U/. In the special case when / = 0, 
Pi = B and we define U = U%. 

Each pair of subsets I ,J S determines a generalized Steinberg variety 



X" = { {x, gPi, hPj) G or X G/Pi X G/Pj | g-^x e pi, G p j } 

(see [6, §2]). Define 



Then X^"^ is a G-variety {G acts diagonally on X^"^) and r^^-^ is a surjective, proper, 
G-equivariant morphism. Notice that 

• if / = J = 0, then X^"^ = Z and i]^'^ is the identity, and 

• if I = J = S, then X^"^ = and rj^'^ may be identified with projection 
pz: Z 

2.2. Hecke algebras 

The Iwahori-Hecke algebra ofW is the A-algebra Us with A-basis T^, for w in Vl/^, 
and multiplication satisfying 



where i is the length function on W determined by S and the subscript 1 in Ti denotes 
the identity in W (see [1]). 

The extended affine Hecke algebra ofW is the A-algebra Ti with generators T^, 6x, 
for w in W and A in X{T), and multiplication satisfying 



77":Z^X" by r^'\x,gB,hB) = {x,gPi,hPj). 



(2.1) 





if £(W) = £(«;) +£(w'), 

for s in 5", 

for A, /i in X(T), 

for A in X{T) and s = in S", and 
is the identity in % 



(2.2) 



< 



T2 = v^T, + (t;2 - 1)T, 
exTs - TsOs^x) = (v^ - 1) 
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(see [15, §1]). We identify the A-span, in Ti, of {T^] \ w E W } with the Iwahori- 
Hecke algebra T-Ls, and we identify the A-span, in of { 6^^ | A G X{T) } with the 
group algebra A[X(T)] of X(T). Then T-Ls and y4[X(T)] are subalgebras of Ti that 
contain the identity. The center of "H is y4[X(T)]^ (see [14]). We identify R{G) with 
A[X(T)]^, and hence with the center of "H, via the isomorphism R{G) = A[X{T)]^ 
given by associating with a representation of G its character in 74[X(T)]. The map 
y4[X(T)] 'Hs — )■ T-L given by multiplication, 6\ ® T^^ (-> is an A-module 

isomorphism. We call { | A G X{T),w eW} the Bernstein basis of Ti because 
it arises from the Bernstein presentation (2.2). 

For A in X{T), let denote translation by A in X{T). Then { tA | A G X{T) } is a 
subgroup of Aut(X(T)) isomorphic to X(T). Recall that W acts faithfully on X(T). 
Define Wex, the extended affine Weyl group of ^, to be the subgroup of Aut(X(T)) 
generated by the image of W and {t\ \ AG X(T) }. Then Wex is isomorphic to 
the semi-direct product X(T) x W. We frequently identify W with its image in 
Aut(X(T)) and consider W subgroup of Wcx- 

The algebra H has a standard basis, { | w G }, such that the relations (2.1) 
hold (see [15, §1]). The "bar" involution of "H, ~: "H — )■ Ti, is the ring automorphism 
of H defined hj v = and = T~\ for x in Wex- As observed by Lusztig [14], the 
group has a length function, £, and a partial order, <, such that the argument 
in the proof of [11, Theorem 1.1] can be applied to show that for x in PVex? there are 
unique elements G^ and G'^ in 1-L such that 
(2.3) 



r' I r" 

G. ]C.,-C, 



X 



- '^X ^"^X + Z]y<X ^y^xVxVy ^Py,xTy ^G'^ — + X]y<X '^X ^Py,xTy, 

where 

= (-i)^(^') and = w^^^) 

for X in Wex, and Py^x is a polynomial in v of degree at most £{x) — i{y) — 1. We call 
{Gx \ X E VFex } and { | x G Wex } Kazhdan-Lusztig bases of "H. It is known that 
the length function on Wex restricts to the length function on W determined by S", 
and that the partial order on Wex restricts to the Bruhat order on W (see [10]). If x 
is in Wex and s,t are in S with l{tx) < £{x) and £{xs) < i{x), then 

TtGx = GxT, = -Gx and T^G', = G'^T, = v'G',. 

For a subset J of S" let wj be the longest element in Wj. For subsets / and J of S' 
we have the Kazhdan-Lusztig basis elements G^j and Gy^j of "H. Define 

H^-^ = G^,HG^j and x" ■ ^ by x"(/i) = G^^hG^^. 

Obviously, T-L^"^ is an _R(G)-submodule of T-L and x^"^ is a surjective i?(G')-module 
homomorphism. 

2.3. T/ie isomorphism H^-^ = K^(X") 

The group G acts on the Steinberg variety Z and so K^{Z) is naturally an R{G)- 
module, and hence an A-module. Chriss and Ginzburg [2, §7.2] and Lusztig [15] 
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have shown that K'^[Z) has an 74-algebra structure such that "H = K'~^[Z). Let 
ip: Ti —> K^{Z) be the A-algebra isomorphism constructed by Lusztig [15, Theorem 
8.6]. The main result in this paper is the following theorem. 

Theorem 2.1. For each pair of subsets (/, J) of S there is an R{G)-module isomor- 
phism 

i)^^: n^-^ ^ ir^(X") 

such that the diagram 

(2.4) n ^ K^^iZ) 

commutes. 

In §4 we use the isomorphism il)^"^ to define a standard basis, a "bar" involu- 
tion, and a Kazhdan-Lusztig basis for K^{X^'^). As we explain next, the proof 
of Theorem 2.1 gives significantly more information about the isomorphism than 
is encoded in (2.4). This leads to a graded refinement of the theorem that is given 
in Corollary 3.5. 

The preimages of the G-orbits on G/ Pj x GjPj under the projection on the second 
and third factors, say {Xf-^}, form a partition of X^^ into locally closed, equidi- 
mensional subvarieties indexed by the (VT/, Vrj)-double cosets in VT, {WizWj}. The 
closures of these subvarieties are the irreducible components of X^'^ (see [6]). Thus, 
the fundamental classes of the closures of the subvarieties X!,"^ form a basis of the 
top Borel- Moore homology of X^"^ . As explained in detail below, the contribution 
of each subvariety X^-^ to K'^{X^-^) is not just a single homology class, rather it is 
the full equivariant ii'-group of isomorphism classes of Lj fl ^Lj-equivariant coherent 
sheaves on the nilpotent cone of IjHzlj. A basis of this K-gronp is indexed by the set 
of {Wj, PFj)-double cosets in Wi\Wex/Wj that project to the double coset WizWj 
in Wi\W/Wj. Taking the union over z (in a suitable sense) gives rise to a basis of 
K^{X^-^) indexed by the {Wj, Wj)-donh\e cosets in W^^. 

In case I = J = {WdizWd,} = W. For w in W, Xf = Z^ is the conormal 
bundle to the G-orbit in G/B x G/B corresponding to w, L0 fl = T, the cone of 
nilpotent elements in [0ntu[0 is {0}, and K^{{0}) = A[X{T)]. Obviously, {t\w \ A e 
X{T) } parametrizes the set of (M/0, iy0)-double cosets in PVex that project to {w}. 
By Theorem 8.1 and [15, 8.6], 

• { Vw{6\Tyj) I A G X{T) } is an A-basis of K'^{Zw) and 

• { ^{OxT^) \weW, A e X{T) } is an A-basis of K^{Z). 

At the other extreme, when I = J = S, there is a single {W, VF)-double coset in 
W (with representative 1) and {W^s^W^^} = {W}. In this case, X^^ = X^^ = m, 
Ls n ^Ls = G, and the cone of nilpotent elements in [5 n ^[5 is OT. The {Ws, Ws)- 
double cosets in We^ that project to W are simply the (W, iy)-double cosets in Wex- 
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These are parametrized hj {6x \ X E X(T)+ }, where X{T)~^ is the set of dominant 
weights relative to the choice of B. Ostrik [17, §2] has shown that 

• { V^^X^^(^a) I A G X(T)+ } is an A-basis of K^{X^^) = K^{m). 

For arbitrary I, J ^ S, the results we prove below are an amalgam of the two 
extreme cases. Let W^"^ denote the set of minimal length (Wj, 14^j)-double coset 
representatives in W. For z in W^"^ , set 

Lz = Lj (1 ^Lj = Ljr]zj 

and let X(T)+ be the set of weights in X{T) that are dominant for L^. We show 
in Theorem 8.1 that there is an isomorphism K'^{X!.'^) = K^^iJiz)-, where Jiz is the 
nilpotent cone in and we show in Lemma 3.2 that { t\z \ A G X(T)^ } parametrizes 
the set of (W^/, PVj)-double cosets in VFex that project to WjzWj. By Theorem 8.4 
and Corollary 3.4, 

• { {ri-^)*^zX^-^{GxTz) I A e X(T)+ } is an A-basis of K^{Xl-^) and 

• {i^^^X^\OxTz) I z e PF", A e X(T)+ } is an A-basis of K^{X^-^). 

In this way K'^{X^'^) has a geometric decomposition as a direct sum naturally in- 
dexed by {Wj, PVj)-double cosets in W, such that the summand indexed by z in W^"^ 
is isomorphic to K^^'CNz) and has a basis consisting of isomorphism classes of equi- 
variant coherent sheaves canonically indexed by the {Wj, Wj)-double cosets in IVex 
that project to WizWj. 



3. The proof of Theorem 2.1 

In this section we prove Theorem 2.1. The proof proceeds in two steps. The first 
step is to show that the composition r/f'^V' factors through x^"^ ■ The second step is to 
show that the resulting map ip^'^ is surjective and carries a suitably chosen A-basis 
of T-L^"^ to a linearly independent subset of K'-'{X^'^). It then follows that tp^'^ is an 
isomorphism and the image of the given basis of "H^"^ is a basis of K^{X^^). 

To show that 'ql'^Lp factors through x^^ ) it is enough to show that for each generator 
s in J, and each generator t in J, 

(3.1) vi'^m) = -vi'm = vi'^h) 

for all h in H. Let vr/: X^-^ X^-^ by 7Ti{x,gB,hPj) = {x,gPi,hPj) and let 
TTj: X"^ X^-^ by TTj{x,gPi, hB) = {x,gPi, hPj). Then the diagram 



Z^L^X^-^ 




commutes and so (3.1) follows from the equalities 

ifj ^{hT,) = -rfj ^{h) and r^'J^ ^{m) = -iii%{h) , 
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for s G J and t G /, by applying (tt/)* and (ttj)*, respectively. Thus, by symmetry, 
it is enough to show that rfl'-' ip factors through the projection 1-L — )■ T-LCwj given by 
right multiplication by Cwj'. 

n — ^irG(z) 

I A' 

Lusztig's Tor-product construction can be used to define a K*^ {Z)-modu\e struc- 
ture on_i^^(X®'^),_say ^j: K'^{Z) x K'^{X''>-^) K^{X^J), such that the map 
rfj: K^{Z) K^{X^-^) is K^{Z)-\meBx (Proposition 6.1). Thus, for all hinU 
and all s in S", 

where -k is the convolution product in K'^{Z). Hence, it is enough to show that 
r]l\(p{Ts)) = -T]'^/ {(p{l)) for all s in J, or equivalently that rft^ifijs + 1)) = 0. For a 
simple reflection s in W , let in K'^{Z) be defined as in [15, 7.20] (see §6). By [15, 
7.25], v?(Ts -|- 1) = — ua<j. Therefore, the existence of the map ip^"^ in Theorem 2.1 
follows from the next theorem. 

Theorem 6.6. Suppose s is in J. Then r/f^(a,) = zn ir^(X®'^). 

To show that tf)^'^ is an isomorphism, as outlined above, we use an A-basis of 
H^"^ and the partition of X^'^ determined by the G-orbits in G/Pj x G/Pj to define 
compatible filtrations on H^'^ and K'^lX^'^). 

Recall that the rule z G ■ {Pj, zPj) defines a bijection between W^^ and the set 
of G-orbits in G / Pj x G/Pj, and that qz'- Z ^ G/B x G/B is the projection on the 
second and third factors. For w mW define Z^ to be the preimage in Z of the orbit 
G- {B,wB). Then 

Zyj = { [x, gB, gwB) G x G/B xG/B\ g'^x G u n u;u }. 

Define 

y<w 

where < is the Bruhat order on W. Similarly, let qij: X^^ — )■ G/Pi x G/Pj be the 
projection on the second and third factors, and for z in W^^ define Xl^ to be the 
preimage in X^^ of the orbit G ■ {Pj, zPj). Then 

Xf = { (x, gPj, gzPj) G 01 X G/Pi x G/Pj \ g-'x emnpiHzpj }. 

Define 

^ii = yy -^y"^) 



where the union is over y in W 
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Choose a linear order on W, say W^ = {u'j|l<z<|iy|}, that extends the Bruhat 
order. Define Zq = and for 1 < i < \W\ define 

Z<i = Y[ ■ 

Then for i > 1, Z^i = Z^i^i 11 Zy^-, where Z^i^i is closed in Z<j and Z^. is open in 
Z<j. It is well-known that for i > 1 the sequence 



(3.2) 







i-i 







of i?(G)-modules is exact (see [12, 3.17]). It follows that for w in the closed 
embedding Z^^ ^ Z induces an injection K'^{Z^w) '-^ K^{Z) in equivariant K- 
theory. The chosen linear order on W restricts to a linear order on W^^ , say W^'-' = 
{zi I 1 < i < \W^''\ }, that extends the Bruhat order. Define Xg"' = and for 
l<i< \W^^\ define 

Then for i > I, X</ = 11 X^f , where is closed in X</ and X^^f is open 

in X^f. It is shown in §8.2 that for i > 1 the sequence 



(3.3) 







K'^iX. 



<j-ly 



<l ) 



0* 



K^{Xii 







of i?(G)-modules is exact. It follows that for z in W , the embedding X{^ X 
induces an injection K'^{XlA,) K^{X^'^) in equivariant i^-theory. 

Suppose z is in W^'' and let and r]-^ be the restrictions of r]^^ to Z^ and Z<^, 
respectively. It is shown in [6] that if Wi is in Wj and W2 is in Wj, then t]^'^ {Zyj^zw2) ^ 
Xl'^ and that rj^"^ {Zw^zw2) = ^i'^ if and only if Wi = W2 = 1. Moreover, it is shown 
in [5, 2.2] that if w is in W^, w; < z, and z' is in W^-^ fl WjwWj, then z' < z. 
Therefore, Vj^^ [Z^^ C X^;^ and letting and r^"^ denote the inclusions Z^ Z^z 
and Xl/' — )■ X<^, respectively, the square 

(3.4) Zz 



X" 



X 



/J 



is cartesian. 

Lemma 3.1. The map 7]^: Z^ ^ X^"^ is a proper morphism. 



Proof. Define Zwjzw., = Uw&WizWj^^ 
base change, the restriction of r/^"' to Z 

in Uw&WizWj^ ■ {Pi^'^Pj) and hence Z^ is closed in ZwizWj- 
proper. 



Then Zvi/,.H/., = (r/")-^(Xf-^) and so by 
WizWj is proper. Now G ■ (P/, -zPj) is closed 

It follows that r/^ is 
□ 
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Since r]^^{Z<j) C for all j > 0, if z = Zi, then rj^^ induces a map of short exact 
sequences from (3.2) to (3.3) such that the following diagram commutes: 

(3.5) ^ K^(Z<,_i) ^ ir^(Z<,) ^ i^^(Z,J ^ 



To define filtrations on T-L and 'H^'^ compatible with (3.5) we consider {Wi,Wj)- 
double cosets in the extended affine Weyl group. For ICS* define 

X{T)j = { A G X{T) I (A, a) > Va G }, 

where (■, ■) is the usual pairing between X{T) and Hom(C*,T), the group of co- 
characters of T, and { a | a G $ } is the dual root system in Hom(C*,T). Then 
X{T)'^ = X(T) and X(T)^ = X(T)~^, the set of dominant weights. Because X(T)+ is 
a fundamental domain for the action of W on X{T), it follows that {t\ \ X E X{T)~^ } 
is a set of (W, iy)-double coset representatives in PFex- The next lemma is the analog 
of this fact for (Wi, iyj)-double cosets. 

Lemma 3.2. Every (Wi,Wj)- double coset in Wex contains a unique representative 
of the form t\z where z is in W^^ and A is in X{T)f^^j. 

Proof. If A is in X(T), w is in W, Wi is in Wi, and W2 is in Wj, then Witxww2 = 
twi{x)'WiWW2- Thus, every (Wj,Wj)-douh\e coset has a representative of the form 
txz where z is in W^"^ . Suppose that z is in W^"^ and A and fi are in X{T). Then 
tfj^z = Witxzw2 for some Wi in Wj and W2 in Wj if and only if /x = Wi(A) and 
z = W1ZW2. Therefore, txz and t^z are in the same {Wj, Vrj)-double coset if and only 
if /i = wi{X) for some wi in Wj H ^Wj. Because Wj fl ^Wj = Wm^j, we see that 
txz and t^z are in the same (Wi, W^j)-double coset if and only if /i = wi{\) for some 
Wi in Wir,zj. Finally, X(T)~l^^^j is a fundamental domain for the action of Wjr,zj on 
X{T) and so every {Wj, iyj)-double coset in Wex contains a unique representative of 
the form txz, where z is in W^"^ and A is in X{T)j'j-^^j. □ 

For z in W'"^ , set 

X{T)t = X{T)t^.j. 
Then X(T)^ is the set of weights that are dominant for L^. 

Let £/ = X]u,ew/"/ for ICS. Then Lemma 3.2 shows that { ejtxzej \ z G 
W^"^ , A G X(T)+ } is a Z-basis of ejZ[Wex]^j. A similar statement is true for 'H^'^ . 
Theorem 7.1. The set {C,,^9xT,C^j \ z G VT", A G X(r)+ } is an A-basis ofU^-^. 

Recall that {OxT^ \ A G X{T),w G } is the Bernstein basis of %. By analogy, 
we call { Cu,,exT,Cu,j \ z G W^-\ A G X(T)+ } the Bernstein basis of U^-^. We will 
see that 

{^"{C^ATzC^j) I -2 e 1^^^ A G X(T)+ } 
is an A-basis of K^{X^-^). 
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Suppose z is in W^^ . Then G ■ {PuzPj) = G/{Pi n ^Pj). Recall that L, = 
Lj n ^Lj = Ljf^zj is a Levi subgroup in Pj fl ^Pj (note that Pj fl ^Pj is a parabolic 
subgroup of G if and only if 2; = 1) and that = fl is the cone of nilpotent 
elements in 1^. Set 

B, = L,nB and = {{x,hB,) e J^, x L,/B, \ h'^x E b,}, 

and let _ _ 

: ^ and : ^ L,/B, 

be the projections. 

Theorem 8.1. Suppose z is in W^^ . Then there is a commutative diagram of R{G)- 
modules 



where the horizontal maps are isomorphisms, Pz is the Springer resolution of the 
nilpotent cone J^z of iz, and the vertical maps are surjections. 

Corollary 3.3. The map r]^^ : K'^(Z^z) ^^i^H) surjective for all z in W^"^ . 
In particular, rjl^ : K^{Z) — )■ K^{X^'^) is surjective. 

Proof. The fact that rjf^ is surjective for z = zi in W^"^ follows from diagram (3.5) 
by induction on z, Theorem 8.1, and the Five Lemma. Let Zq be the longest element 
in W^'^ . Then Xlf^^ = X^-^ and so taking z = Zq we see that the map K'-^{Z^zo) ~^ 
K*^(X<^o) induced by rj^"^ is a surjection. This map is ^^f"^ 0(^20)*, where jz^ ■ Z^zo Z 
is the inclusion. Therefore, r^f"^ is surjective and so ip^"^ is surjective. □ 

For w in W and z in W^'^ , define 

Hw = span^{ 6xTy, \ A G X{T) }, 



ni' = span^{ G^,9xTzG^^ \ A E X{T) }, 



and 



ij 



y<w 



IJ 
y ' 



where the last sum is over y in W^^ . For A in X{T) let C\ be the canonical Lz- 
equivariant line bundle on Lz/Bz determined by A and let '■ T^<z be the 

restriction of x^'^ ■ We extend the diagram in Theorem 8.1 to include 'H<^ and 'H<2. 

Theorem 8.4. Suppose z is in W^"^ . Then there is a commutative diagram of A- 
modules 



n 



IJ 



KG{X. 



ij^ 

<Z J 



K^{X 



ij\ 



K^^{J^z 
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where 

(1) the horizontal maps are surjective or bijective, as indicated, and the vertical 
maps are surjective, 

(2) if fi is the composition across the top row, then Tiy is in the kernel of fi for 
all y < z and the restriction of fi to Tiz is the isomorphism that carries 9\Tz 
to tzql[Cl\ for A in X(T), and 

(3) if f2 is the composition across the bottom row, then l-Ly^ is in the kernel of /2 
for all y < z in W^"^ and the restriction of f2 to 'Hl'^ is the isomorphism that 
carries Cyj^dxTzCuij to ez{pz)*ql[C-'l\ for X in X(T) + . 

Corollary 3.4. The set {ip^-^iC^^OxTzC^j) \ z e W^-^, A G X(T)+ } is an A-basis of 

Proof. The fact that {i^^^C^^OxTzC^j) \ z G P^", A G X(T)+ } is linearly indepen- 
dent follows from the exactness of diagram (3.3) by induction on i and Theorem 8.4. 
The set is then a basis of K^lX^"^) because is surjective. □ 

Now Theorem 2.1 follows from Corollary 3.3, Theorem 7.1, and Corollary 3.4. In 
addition, it follows from Theorem 8.4 that ^^"^(T^^f) = ir^(X^f) for 1 < z < 
and so the following refinement of the theorem is a consequence of the constructions 
above. 

Corollary 3.5. The subvarieties Xl^ determine a filtration of K'~^{X^^) by A-modules 
such that if gi K^[X^^) is the associated graded A-module, then there are A-module 
isomorphisms 

gTK^{X'')= = K^{y^z). 

4. The "bar" involution and Kazhdan-Lusztig basis of "H^-^ 

For z in W^"^ and A in X(T)+, let m\^z be the element in the double coset WjtxzWj 
with minimal length and define 

in n^'^. 

Lemma 4.1. The set {Tx,z \ z G W^-^, A G X(T)+ } is an A-basis ofV.^^. 

Proof. Clearly, C^jT^Cwj = ±CwjTm^ ^C^j when x is in WitxzWj and so {Tx^z \ z G 
W^-^, A G X(T)+} spans "H^-^. It is easy to see that {eimx,z(^j \ z G W^^, A G 
X(T)+ } is a Z-basis of eiZ[We^]ej. It follows that {Tx,z \ z G W^-^, A G X(T)+ } is 
linearly independent. □ 

We call {Tx,z \ z G VT", A G X(T)+ } the standard basis of K^^. It follows from 
(2.3) that the ring involution ~: ^ H induces an involution of abelian groups, also 
denoted by ~, from Ti^'^ to H^"^ that we call the bar involution of 'H^'^ . 

Let u: % ^ Hhe the A-algebra involution of "H defined by 
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where wq is the longest element in W (see [15, 1.24, 1.22]). Lusztig [15, 9.7] has 
shown that if Dz : K'^{Z) — )• K'^{Z) is Serre-Grothendieck duality, then under the 
isomorphism (p, Dz corresponds to the automorphism of l-L given by h- )■ vl^^uj{ h). 

By definition, uj{Cwj) = C^^ and so u induces a well-defined A-module involution 
u^'^ : "H^"^ — )■ "H^"^. The next proposition follows from [15, 9.12] and the fact that 
Serre-Grothendieck duality commutes with the direct image of a proper morphism. 

Proposition 4.2. Let Dxu- K'^{X^'^) — )■ K^{X^'^) he Serre-Grothendieck duality. 
Then under the isomorphism ip^'^ : "H^"^ — )■ K^{X^^), Dx' j corresponds to the auto- 
morphism ofH^^ given hy h ^ v'^^u^'^{ h), for h in Ti^"^ . 

Now consider the Kazhdan-Lusztig basis {C^ \ x E VFex } of "H. If t is in J and x 
is in Wex with tx < x, then by (2.3) 

fi fii fi _ _fi T^c' c — —d'^c r' r 

and so C^^C^C^^ = 0. Similarly, if s is in J and x is in W^x with xs < x, then 
CyjjC'^Cwj = 0. It follows that CwjC'^C^j = unless x = ^ for some A, z. For z in 
M/" and A in X(r)+, define 

in "H^-^. As usual, an element in "H or "H^"^ is said to be self-dual if h = h. 

Proposition 4.3. The set {C^^^ \ z e W^-^, A G X(T)+ } is a self-dual basts ofU^^ 
and the map '■ H — > l-i^^ may he identified with projection of l-L onto the span of 
{C^^^ \zEW''\ AgX(T)+}, that is, 



r'iC'x) 



C'x^z if ^ = ^x,z for some z G W^-^ , A G X(T)+, 
otherwise. 



Proof We need to show that { C^^ \ z G W^-\ A G X(T)+ } is a basis of , but 
this follows from (2.3), which implies that ^ — ^^^1 ^^a,^ is in the span of 

{Tx,,,, I z, G W'', Ai G X(T)+, mA,,,i < m;,,, }, 
and Lemma 4.1. □ 

We call { Cl^ I z G IV^-^, A G X(T)+ } the Kazhdan-Lusztig hasis of H^-^. The ele- 
ments of the Kazhdan-Lusztig basis have the standard uniqueness property, analogous 
to (2.3). The proof of [11, Theorem 1.1] is easily adapted to prove the following. 

Proposition 4.4. For z in W^'^ and A in X(T)+, C'x^ the unique element in T-L^"^ 
such that 



CL = CL and 



where P(x,,zi),{\z) is a polynomial in v of degree at most i{mx,z) — ^("^Ai.^i) — 1- 
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To summarize, we have the standard basis 

{ T,,, I z G X G X{T)t } = { x"{Tm,J I z G X G X(T)+ }, 

the Bernstein basis 

{ C^AT.C^j I ^ e X G X{T)t } = { x'\exT,) I z G W", X G X(T)+ }, 

and the Kazhdan-Lusztig basis 

{ C;,, I z G ly^^, A G X(T)+ } = { x'\C'^J I ^ e ly^^, A G X(T)+ } 

of l-L^^ . Applying ip^"^ to each of these bases we obtain standard, Bernstein, and 
Kazhdan-Lusztig bases of K^{X^^). 

5. Convolution products 

In this section we review the convolution product construction in equivariant K- 
theory in the form it is used below. 

Suppose that V , A, B, and C are if-varieties such that V is smooth. Let Vi 
and V2 be closed, if-stable subvarieties of V and let pi : Vi — > A, P2- V2 ^ B, and 
P12 : Vi n V2 — 7- C be if-equivariant maps such that pi and p2 are smooth and pi2 is 
proper. These spaces and maps can be assembled in the commutative diagram 




Vi n V2 ^ V2 



PI 

A ^ Vi ^ V, 

where the unlabeled maps are inclusions. 

Lusztig's Tor-product construction [15, 6.4] can be used to define an i?(if)-bilinear 
map ^: K"{A) x (B) K^{C) as in [15, §7]. Precisely, for and g in K^{A) 
and K^{B), respectively, define 

j'^g = (pu). {pI t 0^ p*2 g) G ir^(c), 

where the Tor-product is with respect to the smooth variety V and its closed 
subvarieties Vi and V2. 

Next suppose that V, A', B', C, V(, V2, p'l, p'2, and as in (5.1). Then we 

have a commutative diagram analogous to (5.1) that we connote by (5.1)', and an 
i?(i7)-bilinear map V: K"{A') x K"{B') K^{C'). 

By a morphism from (5.1) to (5.1)' we mean a tuple {fi,f,g,h) of if-equivariant 
morphisms where /i: V ^ V, /: A — )■ A', g: B ^ B', and h: C ^ C satisfy the 
following two conditions. 

(1) Vi C fi-\Vi) and V2 C ^^-^{yi). 

Let /ii, /i2, and /ii2 denote the restrictions of to maps Vi — V{, V2 — )■ V^', 
and n V2 -)■ n V2', respectively. 

(2) fpi = p'l/ii, gp2 = p'2/i2, and /ipi2 = p'i2l^i2- 
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If /X, and h are proper, Vi = ^(VY), and the diagram 



P2 



P2 



is cartesian, then (/x, f,g, h) is a proper morphism, and if /z, /, and h are smooth, 
Vi = ji^^iyi), V2 = Ai~^(V^')5 the diagram 



C- 



P12 



P12 



is cartesian, then (yU, /, g, h) is a smooth morphism. 

The next proposition follows easily from [15, 6.5, 6.6, and 6.7]. 

Proposition 5.1. Suppose T' is in K^{A'), Q' is in K^{B'), T is in K^i^A), and 
g IS m K^{B). 

(1) // (/i, /, g, h) IS proper, then K U*^' ^G)=^' 9* Q K^{C'). 

(2) // (/i, f,g, h) IS smooth, then h* (V V g') = f*{rUg*{g') m K^{C). 

(3) //V2 = V and Cy is the trivial line bundle on V, then J-'*[Cy] = {pi2)*Pi{J^) 



6. The i^'^(Z)-MODULE HOMOMORPHISM r]^-^: K^{Z) K'^{X'^-^) 

In this section, J is a fixed subset of S. We study the K'^(Z)-module homo- 
morphism r]f-^: K^{Z) -> K^{X'^'') and prove Theorem 6.6, thus completing the 
argument that there is an i?(G)-module homomorphism ip^'^ : — )■ K'~'{X^^) such 
that ip^'^x^'^ = rj^'^ip as in Theorem 2.1. 
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6.1. The K^{Z) -module K^{X^J) 

We apply the construction in §5 to the diagram 

(6.1) x'i-' x<^J 

Vi n V2 ^ Vb 

P12 ' ~„ 

z -i Vi ^ oa^ X G/Pj, 

where 

• Vi = { {{xugiB), {x2,92B),g3Pj) e x G/Pj \ xi = X2} = Z xG/Pj, 

• V2 = { {{x,,g,B), {x2,g2B),g3Pj) e^^x G/Pj \ g^'x2 epj} = ^x 

• Pi2i{xi, giB), (xi, g2B), g^Pj) = (xi, giB, g2B), 

• P23iixi, giB), {x2, g2B), gsPj) = {x2, g2B, gsPj), and 

• Pisiixi, giB), {xi, g2B), gsPj) = (xi, giB, gaPj), 

to define an i?(G)-bihnear map i<j: K^{Z) x K^{X^J) K^{X^J). It is straight- 
forward to check that -kj defines a -module structure on K^i^X^"^). 

A diagram analogous to (6.1), with 91^ x G/B in place of 91^ x G/Pj, is used to 
define the convolution multiplication -k: K'^{Z) x K^{Z) — )■ K'^{Z). Let 

vr: G/B G/Pj 

be the projection. Then the tuple {id xidxir, id, rjl^ , rjl^) defines a proper morphism 
from the diagram defining -k to (6.1). The next proposition follows immediately 
from Proposition 5.1 (1). 

Proposition 6.1. The map ijl'^ : K'^(Z) — )■ K'^(X'^'^) is a homomorphism of left 
K'^{Z) -modules. 

Let 

y. X^-^ ^mxG/Pj and k:Z^mxG/B 
be the inclusions. Clearly, the diagram 

Z — X G/B 

■ff-^ idxn 

x^j ^^mx G/Pj 

commutes. Lusztig [15, §7] has shown that k^, is injective. The same is true for j. 
Proposition 6.2. The homomorphism 

7, : K^iX'^-^) ^ K^{m X G/Pj) 

is injective. 
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Proof. In this proof, set F = x G/Pj and W-^ = W'^-^ . For z in W-^ define 

Y, = { (x, gB, gzPj) eY \geG, g-^x G u }. 

Then Yz is the preimage of G ■ {B, zPj) under the projection onto the second and 
third factors and so Y^ = G x^^'^J u. Thus, 

K^iYz) = Kf{u) ^ (pt) = 0, 

where the first isomorphism is restriction in equivariant i^'-theory, the second isomor- 
phism is the Thom isomorphism apphed to the vector bundle u — )■ pt, and the final 
equality follows from Proposition 8.2. 

As above, the linear order on W chosen in §3 determines a linear order on W'^ , say 
W-^ = {zi\l <i < \W-^\ }. Define Yq = 0, and for 1 < i < \W-^\ define 

Let f : Xf.j — )■ y<j and : Xf*^ — )■ Y^ be the inclusions. Then for i > 1, the diagram 
K^iXlU) K^iXli) K^iX!f) 

. K^(F<,_i) K^{Y^,) K^{YzJ 

commutes and has exact rows, and so by induction and the Five Lemma it suffices to 
show that j^: K'^{Xl'^) K'-'{Yz) is injective for all z in W-^ . 

Suppose z is in W'^ . Then = G x^^'^J (u n zpj), Y^ = G x^^'^J u, and the 
map corresponds to the obvious embedding G x^^''^' (u fl zpj) — )■ G x^^""^' u. 
Thus, is induced by the inclusion of the zero section of the T-equivariant vector 
bundle, u — i- u fl zpj, and so H is injective as claimed. □ 

6.2. The map vr, : K^{G/B) K^{G/Pj) 

To further analyze the homomorphism 77^"^ we need a lemma whose proof is an 
application of the Weyl character formula to T-equivariant i^'-theory of generalized 
flag varieties. 

Suppose J is a subset of S with I (1 J. Let i: Pi/B — t- G/B be the inclusion and 
recall that tt: G/B — t- G/Pj is the natural projection. Then i and vr are proper and T- 
equivariant, i is smooth, and vr* : K'^iG/ B) — )■ {G / Pj) . As in [2, §6.1.11], each 
A G X{T) determines a canonical G-equivariant line bundle Cx on G/B. Consider 
Cx as a G-equivariant line bundle via the projection G ^ G. 

Lemma 6.3. Suppose that a G 11/ and A G X{T) with (A, a) = —1. Then 

77* ij* {[Cx]) = 

zn K^{G/Pj). 
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Proof. Because I ^ J, the composition rci: Pi/B — t- G/Pj factors through the map 
from Pi/B to the one-point space pt. This leads to the commutative diagram 

K^{Lj/Bj) K'^iPi/B) K^{G/B) 



1' 



ir^(pt) . K^{G/Pj) 

in T-equivariant i^-theory, where Bj = Lj H B, f-.Lj/Bj Pj/B is the natural 
isomorphism, a maps Lj/Bj to a point, and / is the map from a one-point space to 
G/Pj with image {Pj}. 

For A e X{T), let C{ be the Lj-equivariant line bundle on Lj/Bj determined by 
A and let A4{ be the line bundle on Pi/B that pulls back to C{ under /*. Then 
Cx\p,/B = Mi and so i*i[Cx]) = [Mi] = M[Ci]) in K^{Pi/B). Therefore, 

'kJJ*{[Cx]) = 7iJ^f^{[Ci]) = ha^{[Ci]). 

To complete the proof, we show that under the given hypotheses, a=i,([£j^]) = in 

It is shown in [2, Corollary 6.1.22] that the forgetful map that sends in 
K^'{Li/Bi) to [Ci] in K^{Li/Bi) is injective, so to show that a, ([£{]) = in i^'^(pt), 
it is enough to show that a.,, ([£{]) = in i^r'^^(pt), where now a*: K^' (Lj/Bj) — )• 
ir^^(pt). 

Recall that we are identifying y4[X(T)] with the A-span of { 6'a | A G X{T) }, so the 
rule A (— )■ [Ci] extends to an A-module isomorphism 7: y4[X(T)] — K^' (Lj/Bj) with 
j(ex) = [Ci]. Define a: A[X{T)] A[X{T)]^' to be the map given by the Weyl 
character formula, 

where pi is the half-sum of the roots in $/ fl and Altwi{Of^) = J2weWi ^wOw{^J.) 
for fi G X{T). Let c: y4[X(T)]'^^ — > K^'{pt) be the inverse of the isomorphism that 
associates to a representation of L/ its character in y4[X(T)]. Then the diagram 

A[X{T)]^^K^'{Lj/Bi) 



A[X{T)]'^' ^^K^'ipt) 

commutes (see [2, Corollary 6.1.17]). Therefore, it is enough to show that cr{Ox) = 0. 
Because (A, a) = —1, letting s = s^, we have 



w 



e{ws)<e{w) 



EQUIVARIANT i^-THEORY 19 

i{ws)<l(w) 

and so (y{P\) = A\twi{Opj)^^ A\twi{0\-^.pj) = as desired. □ 

6.3. The vector bundle qj: Zj ^ Oj 

In this subsection we use Lemma 6.3 to prove Proposition 6.5, the key technical 
resuh from which the main theorem in this section follows easily. 

For the next proposition, let / be an arbitrary subset of 5*. Define Oj to be the 
orbit G ■ {B,wiB) in G/B x G/B and define Zj = Zy^^ in Z. 

Proposition 6.4. Suppose I is a subset of S. 

(1) The closure ofOj m G/B x G/B is 

Oi= WO^ = {{gB,hB)\g-^hePi]. 

(2) The closure of Zi in Z is 

li = {(x, gB, HB) eZ \ (gB, KB) e Oi, g'^x E U/, h'^x E U/ } 
= {{x, gB, KB) E Z I g'^h E Pi, g'^^x E U/ }. 

(3) The varieties Oj and Zj are smooth and the projection qr. Zi — )■ Oi is a 
vector bundle with fibre u/. 

Proof. The first equality in (1) is well-known. For the second equality, set 

Y^ = {{gB,hB)\g-^hEPi}. 

Given g in G, {gB, gwjB) is obviously in Yi so C Y^. Thus C y^. Conversely, if 
{gB, HB) is in Yi, then there is a w in Wj so that g~^h is in BwB. Say g^^h = biwb2- 
Then {gB,hB) = {gB,gbiwB) is in O^. 

The second equality in (2) follows from (1). Set 

Y2 = {{x, gB, hB)EZ\ g-'h E Pj, g-'x E Uj }. 

Then Y2 is closed in Z and the projection Y2 — ?► (9/ is a vector bundle with fibre U/. 
It follows that Y2 is irreducible. Since 

Zj = { {x, gB, gwjB) \ g~^x G u fl wju } 

and U/ = u n wjU, we see that Zj, and hence Zj, is contained in Y2. Since Zf is an 
irreducible component of Z and Y2 is closed and irreducible we have Zj = Y2. This 
proves (2). 

For each of the varieties Oj and Zj, projection on the first factor of G/B is a 
G-equivariant surjection and so there are G-equivariant isomorphisms 

Oi^Gx^ Pi/B and Zi = Gx^ (u/ x Pi/B). 

This proves (3). □ 
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Let ij : Oj G/ B X G/ B, kj : Z J Z be the inclusion, and let qj: Zj ^ Oi 
be the projection on the second and third coordinates. Consider the commutative 
diagram 



(6.2) 



Zr^Z 



m X G/B 



idxn 



m X G/Pj 



qxid 



G/B X G/B 



idxi 



qxid 



G/B X G/Pj 



of G-equivariant morphisms. 



Proposition 6.5. Suppose I C J C S , a G Uj, \" G X{T) with (A", a) = —1, and 
X' G X(T). Then 

[id X vr), (kkj),q*i* {[Cx' M Cy]) = 

in K^{m X G/Pj). 

Proof. If X is one of the varieties in (6.2), then projection on the first copy of G/B 
defines a G-equivariant surjection onto G/B = G/B. Thus, if F is the fibre over B, 
then X = G F. Replacing each variety X in (6.2) by its fibre over B, we obtain 
a commutative diagram of T-equivariant morphisms 



(6.3) 



uj X Pi/B 

91 

Pi/B — 



l\Xl 



u X G/B 

12 

-^G/B — 



idxn 



u X G/Pj 

13 



G/P^ 



J, 



where «i : U/ — )■ u is the inclusion, and qi, q2, and gs are the obvious projections. 
Applying K"^ to (6.2) and to (6.3), we get commutative diagrams 



{kki). 



K^{m X G/B) 



{idXTr)t 



K^{m X G/Pj 



1j 



(qxid)* 



(qxid)* 



and 



K^{ui X Pj/B) 



ii 



K^{Pi/B) 



(idxir) 



K^{G/B X G/Pj) 



K^{G/B X G/B) 



^ (u X G/B) ^ (u X G/Pj) 



12 



il 



K^{G/B) 



K^{G/Pj 



respectively. There are also restriction maps from each i^-group in the first diagram to 
the corresponding i^'-group in the second. In particular, reSuxG/Pj '■ K'^i/'JlxG/Pj) — )■ 
K^{u X G/Pj) and resc/s: K^{G/B x G/B) ^ K^{G/B). 
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Now res : K*^ — )■ is a natural equivalence, so 

reSuxG/PjN X tt)* {kki)^q}i} = {id x vr)* (ii x resc/s . 

Therefore, to prove the proposition it is enough to show that 

(6.4) {id X tt)* (zi X resG/ij([/^A' ^ A"]) = 

in ir^(u X G/Pj). _ 

Projection on the first coordinate G/BxG/ B — t- G/B determines the G-equivariant 
isomorphism G/BxG/B = Gx^G/B used in the definition of res^ /b- It then follows 
from the definitions that 

TeSG/B{[Cx'^Cx"])=9y[Cy,], 

where on the right-hand side Cy is considered as a T-equivariant line bundle and 
K^{G/B) is endowed with its natural yl[X(T)]-module structure. Because all the 
maps in (6.4) are y4[X(T)]-linear, it suffices to show that 

(6.5) {id X Ti)^ {ii X i)^qli*{[Cxn]) = 0. 
To prove (6.5) we factor ii x i in (6.3) to get 

(6.6) ui X Pi IB — ^^^!^L^ u x P,/5 ^^^^ ^ ^ Qjp^ 

93 

GjPj 




where g4 is the projection. Notice that the rectangle is cartesian. Using the equality 
9i = ^4(^1 X "^c?), we see it is enough to show that 

{id X Tci)^ {ii X id)^{ii x id)* qli* {\C\ii]) = 0. 

Now ii X id is the inclusion of the zero section of a (trivial) vector bundle, so if J-" is 
a T-equivariant coherent sheaf on u x Pi/B, then {ii x id)^ {ii x id)* {[J-']) = A ■ [J^] 
where A is in A[X(T)] and does not depend on J-". Therefore, using the fact that the 
rectangle in (6.6) is cartesian and Lemma 6.3, we have 

{id X ni)^ {ii x id)^{ii x id)*qli*{[Cx"]) = {id x ni)^ (A ■ qli*{[Cx"])) 

= A - {idx ni)^. qli*{[Cx"]) 
= A ■ q*'KjJ*{[Cx"]) 
= 0. 

This completes the proof of the proposition. □ 
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6.4. The image of a, in K^{X^^) 

Suppose s is in S. Then s = Sa for a unique root a in 11. Consider the diagram (6.2) 
in the case / = {s}. Then Zj^} is a vector bundle over Os^g^ with fibre U{s} = u fl su. 
Set is = ks = /^{s}, and = (l{s}- 

Given A' and A" in X{T) with (A', d) = (A", a) = -I and -a = A' + A", define a, 
in K^{Z) by 

Lusztig [15, 7.19, 7.25] has shown that a^ does not depend on the choice of A' and A". 
Applying Proposition 6.5 when I = {s} C J we get 

{id X Tr)^K{sLs) = V'^ {id x tt)^ {kks)^q*J*s ii^x' ^ A"]) = 0. 

Now {id X n) k = j rf^'^ and so r/f"' (a^) = 0. We saw in Proposition 6.2, that j^, is 
injective and so r]f'^{as) = 0. This proves the following theorem. 

Theorem 6.6. Suppose J is a subset of S and s is in J. Then 7]'^'^{sls) = in 
K^{X^J). 



7. An A-basis of U^^ 

Recall that {txz \ z e A G X(T)+ } is a set of (W^/, VTj)- double coset rep- 

resentatives in IVex- In this section we show that l-L^^ has an A-basis indexed by 
Wi\WjWj. 

Theorem 7.1. The set {C^^OxT.C^j \ z G W^'^ , A G X{T)+ } is an A-basis ofU^-^. 

Proof. To see that {CyjjOxTzCyjj \ z G W^'^ , A G X(T)+ } is linearly independent, 
notice that the specialization f 1 defines an A-linear homomorphism 

where as above, e/ = 'Yliw&Wr ^wW. By Lemma 3.2, { titxzej \ z G W^-^, A G X(T)+ } 
is linearly independent in eiZ[Wex]€i and so { CwjOxTzCwj \ z G ly-^*^, A G X(T)+ } is 
linearly independent in H^"^ . 
It follows from the relation 

(7.1) exTs-Ts9s^x) = {v'-l)^-^^^, 

for A in X{T) and s = Sq with a in 11 that if w = WiZW2 is in VFex with 2; in W^^ , 
Wi in VT/, and W2 in Pi^j, then 6xT^ is an A-linear combination of elements of the 
form Ty6^TzT^2 where y < Wi is in Wj and fi is in W^(A). Therefore, the elements 
CyjjOxTzCwj for z in ly^"^ and A in X{T) span 'H''^'^. To prove that {Cyj^OxTzCu 
z G W^'^ , A G X(T)+ } spans 'H^'^ we adapt an argument of Nelsen and Ram [16]. 

Fix z in W^'^ and suppose that s = Sa with a in 11/ fl zllj. Then T^T^ = Tg^ = 
Tzz-^sz = TzTs', where s' = z~^sz is in J. Thus, multiplying (7.1) on the right by Tz 
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and then taking the image in , we have 

(7.2) a, (-^aT, + ^,(A)T,) Cu,j = a, {{v'' - if-^^^^T^j a, 

for any A in X{T). Replacing A by A — a, subtracting the result from (7.2), and 
simplifying we get 

(7.3) Cwj6s{X)TzCwj = Cwj (v'^Ox — 9x-a + V^Os{X)+a) TzCwj- 

It follows from (7.3) and recursion that if A is in X{T) with d = (A, a) > 0, then 
there are polynomials po, pi, . . . , P[d/2j in such that po^v"^) = and 

ld/2\ 

(7.4) Cwjds{X)TzCwj = Cwii ^ ^ Pj^>^~ja jTzCmj. 

The polynomials p^ do not depend on A and are given by the formula in [16, Propo- 
sition 2.5] by replacing t by f^. 

Now if is in X(T) and (/i, a) < 0, then using (7.4) with s(A) = /i we see that 
CwiOfiTzCwj may be rewritten as an A-linear combination of terms CwjO^iTzCwj where 
(/x', a) > and (/i', $) > (/i, /3) for all with (3 in 11. It follows that { CwjOxT^C^j \ 
z e A G X(T)+ } spans V.^^ as claimed. □ 

Let A^^"^ denote the set of maximal length {Wi, W^j)-double coset representatives 
in Wex and set 

V,{-^ = span^{ Cn\ne A^" } and 

ni-^ = {h e H \ Tth = -h = hTsV t e I, s G J }. 

The arguments used by Curtis in [3, §1] may be used to show that T-L{'^ = ^2'^. 
Obviously H^"^ C Hg'^. It is straightforward to check that T-L^"^ = Hf"^ = 7/2'^ after 
extending scalars to Q(f). 

8. EQUIVARIANT fC- THEORY OF X^'^ 

In this section we compute K'^{X^'^) in terms of Ti^"^ , using H and K^{Z), and 
thus complete the proof of Theorem 2.1. We begin with K^[Xl'^). 

8.1. K'^{Xl'^) and the Springer resolution ofJ^z 

Theorem 8.1. Suppose z is in W^^ . Then there is a commutative diagram of R{G)- 
modules 

ir^(xf)— ir^^(x,), 

where the horizontal maps are isomorphisms, Pz is the Springer resolution of the 
nilpotent cone of Iz, and the vertical maps are surjections. 
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Proof. Set 

p.^Pin'Pj and v,^{Ljn'Uj){Uin'Lj){Uin'Uj). 

Then P^ — L^Vz, is a maximal reductive subgroup of Pz, and Vz is the unipotent 
radical of P^. Also, set Uz — uDlz and recall that : — >■ and Qz'. — >■ Lz/Bz 
are the projections. 

Let F denote the image of the closed embedding [Nf^ Zz given by (x, ^-)■ 
(x, hB, hzB). Then F = ■ (u^ x {5} x {zB}) is the L^^-saturation of Uz x x 
{zB}. Note that because 2; is in W^^ we have uDzu — u^+O^, and so the Pz-saturation 
of F is 

PzF = Lz ■ {{Uz + t>z) X {B} X {^P}) = Lz ■ ((u n ^u) X {B} x {zP}) C Z,. 

Consider the projection P^^F Pz/{B fl ^P) given by {x,pB,pzB) 1— )■ p(P fl ^P). 
This map is P^-equivariant and the fibre over the point B n^B is uH zu — Uz + t)z- 
Thus, 

(8.1) P,F = P, x^^^^(u, + t),). 

Similarly, consider the projection — )■ G/P^ given by {x, gB, gzB) 1— )■ (jfP^. This 
map is G-equivariant and the fibre over P^ is P^ • ((uPl 2;u) x {P} x {zB}) = PzF. 
Thus, 

(8.2) Zz^G x^^ P,F ^ G x^^ (P, x^^'^ (u, + 0,)) ^ G x-^"'^ (u, + 0^). 

Next, let F^-^ denote the image of the closed embedding X^"^ given by 

X ^ (x. Pi, zPj). Then F^-^ = K x {Pi} x {^Pj} and the P,-saturation of F^^ is 

P,F^-^ = (N, + 0,) X {Pi} X {^Pj} C 

Consider the projection Xl"^ — )■ G/Pz given by {x, gPi, gzPj) ^-> (^P^. This map is 
G-equivariant and the fibre over P^ is (Nz + t)z) x {Pi} x {-zPj} = PzF^^ . Thus, 

(8.3) Xf"^ ^ G x-f'^ P^F^"^ ^ G x^^ (K + 0^). 

Now define _ 

iz'- y^z^ PzF by ^^(x, hBz) = (x, /iP, /izP) 

and 

ii':J<z^Xi' by <^(a;) = (x,P,,^Pj). 

Then iz and i^"' are closed, L;2-equivariant embeddings. Let fj^ : PzF PzF^^ be the 
restriction of 77^ to P^F. Then the diagram 

(8.4) j^i^^^p^F^ ^Zz 



Pz 



K P.F'^^ ^ XV 



2 



commutes. Moreover, one checks that the left-hand rectangle is cartesian. 
Recall that P^F = Lz ■ ((u^ + 0^) x {P} x {zB}). Then 

p:PzF^yiz by p{h{x + v), hB, hzB) = {hx, hBz), 
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where a; is in u^, f is in D^, and h is in L^, is a well-defined morphism. Using the 
isomorphism (8.1) and the isomorphism = x^"" u^, one sees that the morphism 
p: PzF 'Nz is an L^-equivariant vector bundle with fibre and zero section i^. 
Finally, define 

piJ; P^F'-' ^y^z by p'-\x + v,Pi,zPj)=x, 

where x is in and v is in D^. Obviously the morphism p^'^ is an L^-equivariant 
vector bundle with fibre and zero section i^'^ . 
Now applying K'^ and K^'' to (8.4) we get 



where resz = resp^i? is defined using the first isomorphism in (8.2) and resf"^ = resp^^u 
is defined using the first isomorphism in (8.3). The left-hand rectangle commutes by 
the naturality of res, and the right-hand rectangle commutes because the left-hand 
rectangle in (8.4) is cartesian. The maps i* and {il"^)* are isomorphisms by the Thom 
isomorphism in equivariant i^-theory. Finally, Ostrik [17, §2] has shown that (pz)* is 
a surjection. Therefore, fj^ and r]^ are surjections as well. □ 

8.2. The sequence (3.3) is exact 

Proposition 8.2. Suppose H is a linear algebraic group and that Y is an H-variety 
such that H acts on Y with finitely many orbits. Then Ki{Y) = 0. 

Proof. If H acts transitively with point stabilizer Hq, then Y = H/Hq and the result 
is known. In the general case, choose an open orbit O in Y. Then there is an exact 
sequence 

y K^{Y \0)^ K^{y) ^ K^{0) 

By induction on the number of orbits, K^{Y \ (9) = 0. We have already observed 
that K^{0) = 0. Thus, i^f (F) = 0. □ 

Lemma 8.3. Suppose I,J CS, and z e W^-' . Then Kf{X^/) = 0. 

Proof. The constructions used in the proof of Theorem 8.1 apply to Ki for z > (see 
[2, §5.2, §5.4]) and give isomorphisms 

Because Lz acts on with finitely many orbits, it follows from Proposition 8.2 that 
KtiJ^z) = 0. □ 

The fact that sequence (3.3) is exact follows immediately from Lemma 8.3 and the 
long exact sequence in equivariant i^-theory. 
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8.3. The isomorphism Tiii = K^iX^i) 

The rest of this section is devoted to the proof of the following theorem announced 
in §3. 

Theorem 8.4. Suppose z is in W^-^. Then there is a commutative diagram of A- 
modules 



15) 



n 



ij 



(n) 

{ri-'r 



(in) 



where 

(1) the horizontal maps are surjective or bijective, as indicated, and the vertical 
maps are surjective, 

(2) if fi is the composition across the top row, then Hy is in the kernel of fi for 
all y < z and the restriction of fi to Hz is the isomorphism that carries 9\Tz 
to e^g*[£^] for X in X(T), and 

(3) if f2 is the composition across the bottom row, then l-Ly^ is in the kernel of /2 
for all y < z in W^^ and the restriction of /2 to l-il^ is the isomorphism that 
carries Cyj^OxTzCwj to tz{pz)*ql[C-'j\ for A m X{T)^ . 

Rectangle (ii) in (8.5) is induced by the cartesian diagram (3.4) and rectangle (iii) 
is as in Theorem 8.1. Both of these rectangles commute. 

8.4. Rectangle (i) in diagram (8.5) 

It follows from relation (7.1) that if Wi is in Wj and A is in X(T), then 9\T.uj^ is 
in the span of {T^O^ \ w < wi, fi G X(T) }. Therefore, OxT^]^ is in the span of 
{ T^0^, \w eWi, fie X{T) } and so x^'^H^^yu,^) C Hj-' for y is in W^-^ , Wi in Wi, 
and W2 in Wj. It follows that x-'{'H<z) C H^^. In particular, x-' ■ 'H 
defined. 

Consider the commutative diagram 



^ Hii is 



V-z^ 



IJ 



where the horizontal maps are the inclusions and x^ is the restriction of x^'^ to Tiz 
It is clear that X^(T^y) = ^^1/ foi' U iii ^^'^ and so x^^ is surjective. 
The first rectangle in diagram (8.5) is 



IJ 



K^{X 



IJ) 
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where (fz and ifjz are defined below. 

For w inW and z in W^"^ , let : — )■ Z and jf : X^-^ — )■ X^"' be the inclusions. 
The maps (pz and ipz are the restrictions of if and t/'^"^, respectively, in the sense that 
(jz)* ° is the restriction of (p to 'H<2 and (jf'^)* o ipz is the restriction of ip^'^ to 
"H^^- order to prove Theorem 8.4 we need a formula for (fz, and so we define (fz 
explicitly, show that (jz)* ° is the restriction of Lp to 'H<2, and then define '^z- To 
do this, we need some preliminary results. 

Notice that Z\ = {{x, gB, gB) e Z \ g^^x G u} is a closed subvariety of Z, 
isomorphic to 9T, and that the projection g: — )■ G/B is a vector bundle. Thus, Zi 
is smooth and projective and so K'^{Zi) has a natural ring structure given by tensor 
product. 

If y is a subvariety of Z, let 

Y = { ((x, gB), (x, hB)) I {x, gB, hB)eY} 

denote the image of F in 91 x 9T under the natural embedding Z — > 91 x 9T. 

The convolution product construction in §5 applied to the commutative diagram 

P23 

- m X z<^ 
where 

V^^ = (Zi X 9T) n X Z<^) 

= { ((x, gB), (x, gB), (x, gyB)) e | g~^x EuHyu, y<w}, 

the maps pfj are the obvious projections, and the unnamed maps are the obvious 
inclusions can be used to define a ii"*^(Zi)-module structure on K'^^Z^^^), say 

ir^(Zi) X K^(Z<^) ^ i^^(Z<^). 
Similarly, the commutative diagram 
(8.7) z z 

Pl3 " 

y ^ 5t X z 

Zi < Zi X 01 ^ yix^x% 

where V = {Zi x 91) fl (91 x Z), the maps p}j are the obvious projections, and the 
unnamed maps are the obvious inclusions can be used to define a iir'^(Zi)-module 
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structure on K'^{Z), say 

Proposition 8.5. Suppose T is in K^{Zi), Q is in K^{Z^w), and Q' is in K'^{Z). 
Then 

(1) {jw)*iJ^*wG) = J^M {iw)*Q, and 

(2) FmQ' = {3i)*:F^g'. 

Therefore, 
in K^{Z). 

Proof. Both statements follow from Proposition 5.1 (1). The tuple {idy^3,idzi, jw, jw) 
is a proper morphism from (8.6) to (8.7) and so (jw)* {J^ *w Q) = *i (jw)* G- The 
proof of (2) is similar. □ 

For w in W, let qw,i'- Z^ — GjB by qw,i{x, gB, gwB) = gB. Then g^^i is a G- 
equivariant affine space bundle over G/B and so ^ : K^{G/B) — )■ K'~^{Zyj) is an 
-R(G')-module isomorphism. 

Theorem 8.6. Suppose w is in W . There is an A-module isomorphism 
such that 

(1) {jw)*¥^w- K^{Z) is the restriction of ip to 'H<w, and 

(2) for A zn X{T), rl^^iO^T^) = e^ql^^[Cy\. 

In particular, {rl^ipyjiOxTy^) \ A G X{T) } is an A-basis of K^{Zyj). 

Proof. For y in W with y < w let jy : Z^y — )■ Z^^ be the inclusion. Lusztig has 
shown (see [15, Lemma 8.9]) that there is a unique element C,y in K^{Z^y) such 
that (jj/)*(Cy) = ^{Ty). Let (ii : 9^1 — )■ Zi be the "diagonal" isomorphism given by 
di{x,gB) = {x, gB, gB). With this notation, define 

'fw- ^<w -> K^{Z^^) by if^{exTy) = {di)^q*[Cx] {jy)*iQ 

for A in X{T) and y in W with y < w. 

Set d = jidi: — )■ Z, so d{x,gB) = {x, gB, gB). By the definition of ip, for A in 
X(T), (p{9\) = d^:q*[Cx]. Thus, using Proposition 8.5 we have 

{jw)*^w{OxTy) = {jaj)*{{di)^q*[Cx] -k^ ijy)*Q 

= {jl)*{dl)*<l*[^x] * {Jw)*{jy)4y 

= d^q*[Cx]-k{jy)4y 

= ^{dx)^^{Ty) 

= ^{exTy). 

This proves (1). 
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(8.8) 




p'23 



P12 

Zi ^ K 



where 



: { ((x, gB), {x, gB), {x, gwB)) G OT^^ | ^ ^xeuHwu], 

the maps p'^^- are the obvious projections, and the unnamed maps are the obvi- 
ous inclusions. Notice that the map p'^^,'- — ^ 2'^, is the isomorphism that sends 
{{x,gB), {x,gB), {x,gwB)) in Vy^ to {x,gB,gwB) in Zw This diagram defines a con- 
volution product V: K^{Zi) x K^{Z^) K^{Z^), and if /z: ^ x ^ is the 
inclusion, then the tuple (/i, ic?, r^, r^„) defines a smooth morphism from (8.8) to (8.6). 
Let C7 be the trivial line bundle on Zy^ and let 



Pw,i: Zy, by py,^i{x,gB,gwB) = {x,gB). 



Then 



iPuTidi)* = (Pis)* P*w,i and 
We can now compute 

rl,Lpu,{0\Tyj) = rl{{di)^q*[Cx] *w ^w) 
= pI,i q*[Cx] 



qpw,i- 



Proposition 5.1 (2) 
[15, 8.9] 

Proposition 5.1 (3) 



□ 



This completes the proof of (2). 

The last statement in the proposition follows from (2) and [17, Lemma 2.2]. 

It follows from the theorem that for z in W^"^ , 
On the other hand, by Theorem 2.1 and the fact that ^-^ is surjective, we have 

Therefore, ip^'^ (Til/^) C [j!,-^)^[K'^{X^j,)) and so there is an A-module homomorphism 

ipz- 'H^Kz ~^ ^'^i-^ii) such that rjf'ipz = tpzX'^^- lu particular, the maps ipz and ipz in 
rectangle (i) are defined and the diagram commutes. 
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8.5. Proof of Theorem 8.4 

In this subsection we complete the proof of Theorem 8.4. The arguments above 
show that diagram (8.5) commutes. 

To prove statement Theorem 8.4(2), let /i : 'H<^ — )■ K^^'CNz) be the composition 
across the top row in (8.5). Then /i = i*res2r*y9^, where i*, leSz, and (pz are isomor- 
phisms and r* is surjective. If y < z, then ipyj{l-iy) C K^[Z^y) and so it follows from 
the exact sequence (3.2) that ipziT-Ly) is in the kernel of r*. Therefore, Tiy is in the 
kernel of /i. 

By Theorem 8.6(2), r^^ziOxTz) = ql^{[Cx]), so fi{9xTz) = ^:res, qli{[Cx]). 
Let g^: PzF — )■ Zz be the inclusion and let : Lz/Bz — ?■ G/B be the canonical 
embedding. Then the diagram 

J^z^^P.F^^Zz 

Lz/Bz ^G/B 

commutes (see (8.4)). The restriction map res^: K^{Zz) — t- K^'^{PzF) is induced by 
the functor g* from G-equivariant coherent sheaves on Zz to L^-equivariant sheaves 
on PzF. Therefore, 

z:res, ql,(\Cx]) = [^glqUCx)] = [q:f:{Cx)] = [qliCD] = q^Cl] 

andso f,{exTz)=ezq:[Cl]. 

To prove Theorem 8.4(3), let /2: "H^"^ — > K^^(Nz) be the composition across the 
bottom row in (8.5). Then /2 = (z^"')* res^"^(r^"^)*^/'2 and f2xT = {Pz)*fi- If U 
is in W^'^ and y < z, then ipzi'Hy^) C K^{X^y) and so it follows from the exact 
sequence (3.3) that ipzi'Hy'^) is in the kernel of [rl"^)*. Therefore, Hy"^ is in the kernel 
of /2. Suppose A is in X(T). Then 

f2{G^ATzG^j) = f2Xr{0xTz) = (pzUiiexTz) = eziPzUim]). 

Finally, to prove Theorem 8.4(1) it remains to show that 77^^ is surjective and 
that is an isomorphism. The fact that rj^^ is surjective follows as in the proof 
of Corollary 3.3 using diagram (3.5), induction on the length of z, Theorem 8.1, and 
the Five Lemma. Since ipzX^^ = vf^^z-, we see that tpz is a surjection as well. 
Induction on the length of z and statement (3) of the theorem show that 

{ V'.(a,^AT,a,) I y e ly", y<z, \e X(T)+ } 

is a linearly independent subset of K^{X^l) and so tpz is an injection. This completes 
the proof of Theorem 8.4. 
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